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The nonlinear spinor fields coupled with the interactive potentials are important 
in the theory of elementary particles. In this paper, we establish the relationship 
Q\ • between field theory and corresponding classical mechanics, and derive the local 

o 

I Lorentz transformations for the classical parameters. The classical mass of a particle 



X 



is clearly defined, and the energy-speed relations for each potential term are strictly 
derived. The analysis in this paper shows that the different kind of potential results 



< 

^-j. . in different energy-speed relation, and the mass-energy relation E = mc 2 only exactly 

| holds for the linear fields. The energy-speed relations can be used as fingerprints to 

> ■ 

q . identify the interactive potentials of a particle via elaborated experiments. 
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I. INTRODUCTION 

The Einstein's mass-energy relation 
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•2 



TIC 2 , ] 

is the apotheosis of the elegance and simplicity of modern science, which becomes one of the 
cornerstone of the modern physics. However its original derivation is based on a idealized 
model and only valid for linear theories [1]. In [2] we find that, for a spinor with nonlinear 
potential, the energy-speed relation includes fine structure, namely, the energy caused by 
potentials differs from (1.1). In E — mc 2 , the total mass m should weakly depend on 
the speed v of the particle, and different kind of potential leads to different energy-speed 
relation. Since the interactive potentials take an important role in the theory of elementary 
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particles, it is meaningful to derive the detailed energy-speed relation for each kind potential. 
These relations can be used as the fingerprints of the interactive potentials, and then can 
be measured by elaborated experiments. 

In this paper we take H = c = 1 as unit. Denote the Minkowski metric by rj^ = 
diag[l, —1, —1, —1], Pauli matrices by 




d={aJ) = Hi oj' 1 

Define 4x4 Hermitian matrices as follows 






We adopt the Hermitian matrices (1.3) instead of Dirac matrices 7 M for the convenience of 
calculation. 

In [2], we considered the nonlinear spinors with self electromagnetic field, the correspond- 
ing Lagrangian for a single spinor is given by 

C e = ^[a^hid^ - eA^) - /i 7 ]0 - ^d ll A v & i A v + F, (1.4) 

where the coefficient /i > is a constant mass, F(*{) > is the nonlinear function of the 
quadratic scalar 7 = <p + j(p. In the case F = |u>7 2 , (w > 0), the classical approximation 
gives the following energy-speed relation [2] 

= ( m + Win 7= s ) u^, W = \w f 7 2 rf 3 x, 

E * = 7T=? + W (7T^ ln 7Tb + • 
where x stands for the central coordinate system of the electron, and W the proper energy 
corresponding to nonlinear term, m e the static mass, the 4-vector speed. In (1.5) the 
energy caused by self electromagnetic field is not included, which is treated as external field 
in [2]. 

In what follows we derive the complete energy-speed relations for a spinor including the 
nonlinear, scalar and vector interactive potentials, which are frequently used in particle 
models. Some detailed derivations similar to that in [21 are omitted here. 



II. LORENTZ TRANSFORMATION FOR CLASSICAL PARAMETERS 

At first, we derive the local Lorentz transformation for some integrals of the classical pa- 
rameters, which are of generally significance. Considering the following models of nonlinear 
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spinor cf> and scalar ip, their dynamical equations are given by 

a^hid^ - eA^ — [fx — F')~f<f>, (2.1) 
= Kif>, (2.2) 

where K = K(\ijj\ 2 ,d l _ l ijj + d ll ' l P) is a smooth real function. For the nonlinear equations (2.1) 
and (2.2), their solutions have particle-wave duality. Some numeric simulations for the 
standing wave solutions to (2.1) were performed in [3]-[10]. For both spinor (ft and scalar ip, 
the current conservation law holds due to the gauge invariance of their dynamical equations 

<V = 0, (2.3) 

where the current is defined respectively by 

{(b + a tJ, (j), for spinor, 

v v> (2.4) 
iK < 3('if) + d fJ "if)), for scalar. 

k is a normalizing constant. By (2.3) we have the normalizing condition 

p°d 3 x = 1. (2.5) 



<R? 

In [2, 11], the local Lorentz transformations were frequently used for covariant integrals 
of the classical parameters. Here we provide a detailed proof, which is helpful to understand 
the relation between fields and their classical approximations. The proof was once provided 
in [12]. At first, we define some classical concepts for the fields <j> and if). 

Definition 1. For the field system <f> or ip, we define the central coordinate X and 
drifting speed v respectively by 

X(t)=[ xp°d 3 x, v=-^X, (2.6) 
Jr3 dt 

where t = x°. The coordinate system with central coordinate X = is called the central 
coordinate system of the field. 

If the standing wave of a field takes the energy eigenstate in its central coordinate sys- 
tem, we call it at the particle state. Otherwise, the field is in the process of exchanging 
energy quantum with its environment, we call it in the quantum process. By the current 
conservation law (2.3), we have 

v= xd p°d 3 x = - xV-pd 3 x= / pd 3 x. (2.7) 

JR3 JR3 JR3 



i 



For the field at particle state, by (2.5) we have the classical approximation p° — > S(x — X). 
Then by (2.6) and (2.7) we get the classical approximation of a particle 



/Z 1 -> u^VT^5(x- X), (2.8) 
where m m is the 4-dimensional speed 

= £ = 7r=f » ^ =(!,#). (2.9) 



It should point out that i> M is just a notation rather than a 4-vector. (2.8) is the origin of 
the classical models 'mass-point' and 'point-charge' [2, 11]. For a nonlinear field at particle 
state, we can clearly define the classical parameters such as "momentum", "energy" and 
"mass", and then derive the classical mechanics from (2.1) or (2.2). Whereas for the field in 
the quantum process, the detailed description of the process should be the original equation 
(2.1) or (2.2). 

In what follows, we examine the local Lorentz transformation for some classical parame- 
ters. Since the rotation transformation is trivial, we only consider the boost one. Considering 
the central coordinate system of the field with coordinate X^, which moves along x l at speed 
v, and X k (k ^ 0) is parallel to x k , so X k = corresponds to the mass center X k {t) of the 
field (p or tp. Then the Lorentz transformation between x M and X^ in the form of matrix is 
given by 

x = L(v)X, X = L{v)~ x x = L(—v)x (2.10) 
where x = (t, x\x 2 , x 3 ) T , X = (X°, X 1 , X 2 , X 3 ) T and 



L(v) = diag 




,1,1 



(L"„). (2.11) 



Assuming S, and T^ u are any scalar, vector and tensor defined by some real functions 
of ijj or (j) and their derivatives such as S = \ip\ 2 , T^ u = 3l((fi + a IJ 'd u (fi) etc. For the field at 
particle state, all these functions in central coordinate system are independent of proper time 
X°. Thus in the central coordinate system, the spatial integrals of these functions define 
the proper classical parameters of the field, and these proper parameters are all constants. 
Their Lorentz transformation laws are given by 

Theorem 1. For a field system at particle state, the integrals of covariant functions 
S, P M and T^ v satisfy the following instantaneous Lorentz transformation laws under the 
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boost transformation (2.10) between x M and at dt = 0, 

1=1 S(x)d 3 x = VT^I, (2.12) 
Jr? 

P l = [ P»{x)d 3 x = VT^L^F, (2.13) 
Jr 3 

P" v = [ T^(x)d 3 x = VT^L^L^I 11 ?, (2.14) 

where I, 7 M , are the proper parameters defined in the central coordinate system 

I=[ S(X)d 3 X, P = [ P>*d 3 X, P v = [ f^d 3 X. (2.15) 
Jb? Jr 3 Jr? 

Proof. We take (2.13) as an example to show the proof. For a field at the particle state, 
by the transformation law of contravariant vector, we have 

P»{x) = L» V P V (X) = L^P U (X\ X 2 , X 3 ) = P"(f (a: 1 - vt),x 2 , x 3 ). (2.16) 

So the integral can be calculated as follows 

P 1 = f P^{x)d 3 x \ dt=0 

JR3 

= [ P'"^ 1 -vt) 1 x 2 ,x 3 )VT^ 2 d{£(x 1 -vt)]dx 2 dx 3 (2.17) 
Jr 3 

= [ L^P v {X)VT^Pd 3 X = VT^L^F. 
Jr? 

The proof is finished. 

Remarks 2. The Lorentz transformation laws (2.12), (2.13) and (2.14) are valid for 
the varying speed v(t), because the integrals are only related to the simultaneous condition 
dx° = dt = 0, and the relations are only related to algebraic calculations. 

Remarks 3. When the field is not at the particle state, the covariant integrands will 
depend on the proper time X°, so the calculation (2.17) becomes invalid in general cases, 
and consequently the relations (2.12)-(2.14) usually hold approximately unless the integrand 
satisfies the conservation law similar to (2.3). 

In some text books, the relations (2.12)-(2.14) are directly derived via Lorentz transfor- 
mation of the integrands and volume element relation 

d 3 x = Vl - v 2 d 3 X. (2.18) 

This calculation is only an approximation in general cases, because (2.18) is just spatial 
volume, it suffers from the problem of simultaneity. However, this approximation is accurate 
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enough for classical mechanics of normal particles such as electron and proton, because in 
this case the constant mass \x is much larger then energy exchanged with the environment. 
The calculation in the next section will show this feature. 

Usually, the proper parameters have very simple form. For any true vector, it always 
takes the form 1^ = (J°, 0, 0, 0), then we get 

J" = Vl - v 2 Pu^. (2.19) 

In some cases, the symmetrical true tensor can be expressed as 

1^ = y/l^ (Ku» u u + Jrf v ) , (2.20) 

where K, J are constants. 

III. THE ENERGY-SPEED RELATION OF A SPINOR 

In this section, we take the following Lagrangian as example to show the derivation, 

£ = - eAf^cj) - //7 + F(j) - sjG 

- l -K{d,A v d»A v - a 2 A^) - l -\{d,Gd»G - b 2 G 2 ), (3.1) 

where A^ and G include the self and external potential, k — ±1 and A = ±1 are used to stand 
for the repulsive or attractive self interaction, e.g. A^ stands for repulsive electromagnetic 
potential if (ac = l,a — 0), but stands for attractive interactive potential similar to strong 
interaction if (k — — 1, a ^ 0). G stands for a scalar interactive potential like Higgs field, 
which is repulsive if A = —1, and attractive if A = 1. F(y) > is a concave function 
satisfying 

F>m>Ftf), if (7>0). (3.2) 

In (3.1), the interactive potentials are representative, which need not exactly stand for some 
known or unknown fields. What is important is that, different kind of interactive potential 
results in different energy-speed relation, and these energy-speed relations can be tested by 
experiments. 

The corresponding dynamical equation is given by 

a^id^ - eA„)<f> = (fi + sG- F')j<f>, (3.3) 
{d a d a + a 2 )A» = nep 11 , (3.4) 
(d a d a + b 2 )G = Xsj. (3.5) 
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The Hamiltonian form of (3.3) reads 

hidt<f> = H<f>, H = eA + a ■ (-zV - el) + {p, + sG- F')j. (3.6) 
The complete dynamical equation of is given by the following Maxwell equation[14] 

a^pM = = 0, (d a d a + a 2 )A» = nepv, 

E = -VA° - d A, B = Vx A, 

V • E = Kep° - a 2 A , V x E = -d B, 

V • B = 0, Vx5 = d E + nep- a 2 A, 

where A = (A 1 , A 2 , A 3 ) is the spatial part of a contravariant vector A^. For the scalar G we 
have not similar decomposition with manifest physical meanings. By (3.6) we have the cur- 
rent conservation law (2.3), the normalizing condition (2.5) and the classical approximation 
(2.8). 

Assuming (3.3) takes the particle-like solution, we can define the classical momentum 
and energy for the spinor as follows [2], 

Definition 2. Define the ^-dimensional momentum p^ and energy E of the particle 
described by (3.1) respectively by 



p^ = / 4>+{i&* -eA^tfx, (3.8) 

JR? 

E ^ /, fc WJ) S ' S - C ) = P° + + Ea + Bo, (3.9) 



in which 



E F = I (F'^-F)d 3 x, (3.10) 
E A = -~« / (doA^Av + VA M • VA^ 1 + a 2 A^ - 2Kep A )d 3 x, (3.11) 

2 JR3 

E G = --X [ (d Gd°G + VG-X7G + b 2 G 2 )d 3 x, (3.12) 
2 Jr3 

where A^ and G are potentials produced by the spinor itself, which satisfy the natural 
boundary condition. 

According to the Nother's theorem, the conserved energy of the system <fi should be E 
defined by (3.9). In the central coordinate system x M of the spinor, since the spinor takes 
the energy eigenstate, we have d^A^ = 8qG = 0. By the Green functions of (3.4) and (3.5), 



s 



we have the corresponding static energy 



W. 



[ (F'7 - F)d 3 x > 0, (3.13) 
W A = \n I (A M (A - a 2 ) A M + 2Kep A°)(i 3 x 
= ie / [ Po A° + p-A]d 3 x 

x)\ 2 \<j)(y)\ 2 + p(x) ■ p(y)]d 3 xd 3 y 



Jije r 



K,e 



2 /■ „-ar 



7T 7i?6 r 



(3.14) 



W G = -X [ G(A-b 2 )Gd 3 x = --s [ jGd 3 x 



= ~ / — ^M/Z^WV (3.15) 

where r = \x — y\. By (3.14) and (3.15), we find Wa,Wq provide contrary self energy, so 
the scalar field is quite different from the vector one in some aspects. 

According to Theorem 1, making local Lorentz transformation, we get energy-speed re- 
lation for each part of the system of a moving spinor <fi as follows, 

E F = W F Vl - v 2 , (3.16) 



2v 2 \ „, v 



2v 2 \ ,„ ^ 2 



2 



£g = Wo ( ^ + __j _ (3 . 18 ) 



where 



2 



w - = 'i&) JAL— Ws>m ) (319) 

Now we examine the term It is easy to check the following Ehrenfest theorem. 
Lemma 4. For any Hermitian operator P and corresponding classical quantity P for the 
spinor defined by 



we have 



P= / (jTPQdrx, (3.21) 



j t P = J <P + (d t P + i[H, P]) 0rf 3 x, (3.22) 
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where [H, P] = HP- PH. 

By Lemma 4 and the dynamical equation (3.6), we have[2] 

Theorem 5. For 4- dimensional momentum p yi defined by (3.8), we have the following 
rigorous dynamical equations 



f t p° = J(ep-E + sjd G)d 3 x-f t E F , 
±p = J[e(p°E + px B) - s*/VG]d 3 3 



(3.23) 



where E and B include the intensity of self potential A^ 1 . 

Substituting the classical approximation (2.8) into (3.23), we get the Newtonian second 
law for the spinor (f) 



A p o = ev-E{t, X) + sW 7 VT^d t G(t, X) - ±E F , 
|p = e(E + vx B) - sW y VT^VG(t,X), 

where W 7 = f R3 jd 3 x. By the dynamical equation (3.3), we get [2] 



(3.24) 



•f = / ^[(P+a^iido - eA )(j)}d 3 x. (3.25) 

Assuming the spinor takes the energy eigenstate and moves smoothly, by (2.8) and (3.25) 
we find p^ oc u M , then by covariance we have 

p» = ^ (3.26) 
where m = y/p^Pfj, is the scalar mass of the spinor. (3.26) times (3.24), we have 

\j t WP>*) = msWX^G - mW F jlnVT^, (3.27) 

= ^.[sW^G- W F \n(VT^)]. (3.28) 

Integrating (3.28) we get the moving inertial mass m of the spinor (j> 

m = mo + s W^G(t, X) - WfWI - v 2 , (3.29) 

where m is constant static mass. Substituting (3.29) into (3.26) we get 

p» = (m + sW^G - W F \nVl - v 2 } u» . (3.30) 

Substituting (3.30), (3.16), (3.17) and (3.18) into (3.9), we finally get the complete energy- 
speed relation for spinor <j> as follows, which includes the contributions of the concomitant 
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fields. 



v 2 W F 1 

E = E - M,^== + In ^==, (3.31) 



vi - v 2 vi - v 2 vr 



V 



E» = -Jt= 2 , (3.32) 



V 



M = m + W F + sW 7 G + W G + W A , (3.33) 

Mi = W F + ^(W G - W A ) -W a + W b , (3.34) 

where M is the total static mass of </>. By (3.31) and (3.32), we have 

E W z -2M l2 W F4 e 

1 = v H ir + Olir). 3.35 

E 2M 4M V 7 V ; 

(3.35) can be tested by experiments, and 3 parameters (M , Mi, H^p) can be determined. 



IV. DISCUSSION AND CONCLUSION 



We established the relationship between field theory and corresponding classical mechan- 
ics, and derived their local Lorentz transformations. The classical mass of a particle is 
clearly defined, and the energy-speed relations for each potential term are derived. From 
these results, we get the following important conclusions. 

1. For normal particles such as electron, the numerical results [3]- [10] showed that the 
mass contributed by potentials (W F , W A , Wq) and so on are much less than m ~ /U, 
so the Einstein's mass-energy relation holds to high precision if v c. 

2. By (3.30), (3.16), (3.17) and (3.18), we learn different potential has different energy- 
speed relation, so we can identify the interactive potentials by testing the fine structure 
of the energy-speed relation of a particle[13]. Especially, the existence of nonlinear 
potential F can be determined, which is much important to realize the nature of 
fundamental particles. 

3. By (3.29) or (3.30) we find the external scalar G manifestly influence the inertial mass 
and momentum of a particle. This effect will seriously ruin the classical mechanics, so 
the scalar field might be absent in the Nature [8, 14]. 
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